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Abstract- Time-varying spectra of non-stationary time-series
commonly used are spectrograms from the Short-Time Fourier
Transform (STFT). The most prominent limitation of the Fourier
Transform is that of frequency resolution. To overcome the
limitations the Wigner-Ville Distribution and the Min-Norm
subspace method have been applied for spectrum estimation of
non-stationary signals caused by switching on capacitor banks
and by a short circuit at the output of a frequency converter.
Investigation results confirm the advantages of the advanced
methods.

needed, to get a two-dimensional time-frequency
representation S(t,ω) of the investigated signal. First, Gabor
has adapted the Fourier Transform to define the S(t,ω),
assuming that the signal is stationary when seen through a
window of limited extent. This yields the Short-Time Fourier
Transform (STFT). The time varying spectra of non-stationary
time series commonly used are spectrograms, from the STFT.
If a signal is composed of small bursts of components, then
each type of component can be analyzed with good time
resolution or frequency resolution, but not both. To overcome
I. INTRODUCTION
the resolution limitation, the Wavelet Transform (WT) has
The aim of signal analysis is to extract relevant information been applied. [7].
from a signal by transforming it. Spectrum estimation of
The subspace frequency estimation methods rely on the
discretely sampled deterministic and stochastic processes is property that the noise subspace eigenvectors of a Toeplitz
usually based on procedures employing the Fast Fourier Trans- autocorrelation matrix are orthogonal to the eigenvectors
form (FFT). Conventional FFT spectral estimation is based on spanning the signal space [2]. The model of the signal in this
a Fourier series model of the data, that is the process is case is a sum of random sinusoids in the background of noise
assumed to be composed of a set of harmonically related of a known covariance function. The eigenvectors spanning the
sinusoids. This approach to spectrum analysis is noise space are the ones whose eigenvalues are the smallest
computationally efficient and produces reasonable results for a and equal to the noise power. One of the most important
large class of signal processes. In spite of these advantages techniques, based on the concepts of subspaces is the Minthere are several inherent performance limitations of the FFT Norm method [4].
approach. The most prominent limitation is that of frequency
Transients resulting from the switching capacitor banks in
resolution, i.e. the ability to distinguish the spectral responses electrical distribution systems affects power quality. The
of two or more signals. Because of some invalid assumptions estimation of parameters of transient components is very
(zero data or repetitive data outside the duration of observation) important for design of protection and control instruments. The
made in this methods, the estimated spectrum can be a smeared transient waveforms have been investigated using Wavelet
version of the true spectrum. A second limitation is due to Trans-form (scalograms) and Wigner-Ville Distribution.
windowing of the data, that occurs when processing with the
Reliability of power electronic drive systems is important in
FFT. Windowing manifests itself as leakage in the spectral many industrial applications. The analysis of fault mode
domain – energy in the main lobe of a spectral response leaks behavior can be utilized for development of monitoring and
into the side-lobs, obscuring and distorting other spectral diagnostic systems. In this paper we present also some results
responses that are present. These two performance limitations of simulation investigations of a converter-fed induction motor
of the FFT approach are particularly troublesome when drive. PWM converters supplying asynchronous motor were
analyzing short data records. Short data records occur simulated. Detection of irregular frequencies may be useful for
frequently in practice, because many measured processes are diagnosis of some drive faults.
brief in duration or have slowly time-varying spectra, that can
Spectrum of the signal was estimated with the help of the
be considered constant only for short record lengths. In an Wigner-Ville Distribution (WVD) and Min-Norm method
attempt to alleviate the limitations of the FFT approach, many (which belongs to the group of subspace methods).
alternative spectral estimation procedures have been proposed
within the last 4-5 decades.
II. WIGNER-VILLE REPRESENTATION
In the case of a non-stationary signal, any change of the
signal causes a continuous spectrum which spread out over the
whole frequency axis. Therefore other methods of analysis are
The Wigner-Ville distribution is expressed by:

Wx ( t , ω ) =

∞

∫

x ( t + τ2 ) x∗ ( t − τ2 ) e( − jωτ ) dτ (1)
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where t is a time variable, ω is a frequency variable and *
denotes complex conjugate.
For a discrete-time signal x(n ) the discrete pseudo-WignerVille distribution (PWD) is evaluated using a sliding
symmetrical finite-length analysis window h(τ ) [6].
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Wxh ( n, k ) = 2 ∑ x ( n +τ ) x∗ (n −τ ) ×h(τ ) h∗ ( −τ ) e− j 4πkτ / N (2)
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where h(τ ) is a windowing function that satisfies the
condition: h(τ ) = 0; τ > L . Variables n and k correspond
respectively to the discrete time and frequency variables. The
Wigner-Ville distribution of a signal can attain negative values.
Each time-frequency representation, which preserves marginal
conditions cannot be positive everywhere. These local negative
values does not have any physical meaning.
One main deficiency of the WVD is the cross-term
interference. WVD of the sum of signal components is a linear
combination of auto- and cross-terms. Each pair of the signal
components creates one additional cross-term in the spectrum,
thus the desired time-frequency representation may be
confusing.
Traditionally, the cross-terms are considered as something
undesired in the WVD [6] and should be removed. One way of
lowering cross-term interference is to apply a low-pass filter to
the WVD. The smoothing, however, will reduce the frequency
resolution of the WVD and cause the loss of some useful
properties of the transformation [5].
III. MODIFIED MIN-NORM METHOD
The Min-Norm method involves calculation of the
correlation matrix of the signal. Smallest eigenvalues of the
matrix correspond to the noise subspace and largest (all greater
than the noise variance) correspond to the signal subspace. The
matrix of eigenvectors is defined by:

Enoise = [e M +1 e M + 2 ⋯ e N ]

(3)

N-M smallest eigenvalues of the correlation matrix (matrix
dimension N>M+1) correspond to the noise subspace and M
largest (all greater than σ 02 ) corresponds to the signal subspace.
Min-norm method uses one vector d for frequency
estimation. This vector, belonging to the noise subspace, has
minimum Euclidean norm and his first element equal to one.
We can present E noise in the form
 c*T 
Enoise =  ' 
(4)
Enoise 

c *T is the upper row of the matrix. Hence
T
c = E *noise
ℓ , where d*T ℓ = 1 . These conditions are expressed
where
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Since each of the elements⌢ of the signal vector is orthogonal
to the noise subspace, the P ( e jω ) (6) exhibits sharp peaks at
the signal component frequencies.
In order to adapt this high-resolution method for analysis of
non-stationary signals we use similar approach as in short-time
Fourier transform (STFT). The time varying signal is broken
up into minor segments (with the help of the temporal window
function) and each segment (possibly overlapping) is analyses.
The denominator of (6) is estimated for the each time instant.
Instantaneous estimates of (6) can be used as estimates of the
instantaneous frequency of the signal [4].
IV. INVESTIGATIONS

A. Switching of Capacitor Banks
In the paper, investigation results in a distribution system as
in Fig. 1 are shown. Two capacitor banks (CB) were installed
along the feeder. Several cases were simulated and both
currents and voltages were recorded. Fig. 2 shows the current
waveform at the beginning of the feeder for the case that the
first CB (900 kVAr) was switched on at 0.03s and the second
CB (1200 kVAr) at 0.09s.
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Fig. 1 One-phase diagram of the simulated distribution system.

Wigner-Ville Distribution offers the possibility to track the
frequency and amplitude changes of a non-stationary signal.
When applying the WVD for analyzing the current signal in
Fig. 2, the components 50 Hz, 270 Hz and 475 Hz have been
detected (Figs. 3, 4, 5), which are close to expected. However,
appearance of cross-terms (110 Hz and 160 Hz) is difficult to
explain. The Wigner-Ville representation allows immediate
determination of the time point of the commutation incipience.

x 10

1

4

5

x 10

5

4

3

amplitude

magnitude [A]

0.5

0

2

1

0

-0.5

-1

-1

0

0.05

0.1
time [s]

0.15

-2

0.2

0

200

400

600

800

1000

1200

frequency [Hz]

Fig. 2. Current waveform at the beginning of the feeder during subsequent
switching of two capacitor banks.

Fig. 5. Cross-section of the time-frequency representation from Fig. 3 for the
time t=0.1 s.
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Fig. 6. Diagram of the simulated inverter drive.
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Fig. 3. Time frequency representation of the signal from Fig. 1 (switching of
the capacitor banks), obtained using the Wigner-Ville Distribution (with
Gaussian smoothing).
2.5

x 10

5

2

amplitude

1.5

4
2
0
-2
-4

1

-6
0

0.5

0.05

0.1
time [s]

0.15

Fig. 7. Current waveform at the inverter output.
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Fig. 4. Cross-section of the time-frequency representation from Fig. 3 for the
time t=0.04 s.

B. Fault operation of the Inverter Drive
In the paper we show investigation results of a 3kVA-PWMconverter with a modulation frequency of 1 kHz supplying a 2pole, 1 kW asynchronous motor (supply voltage 220 V,
nominal power 1,1 kW, slip 6 %, cosφ =0,81. (Fig. 9).
Characteristic RC-damping components at the rectifier bridge
and at the converter valves are considered. To design the
intermediate circuit, the L, C values of a typical 3 kVA
converter are chosen. Fault operation of the inverter drive was
considered short-circuit between motor leads which occurs at
the time 0.1 s (Fig. 6) Main frequency of the inverter 60 Hz,
sampling frequency 20 kHz. The current signal spectrum has
been calculated using the Min-Norm subspace method (Figs. 8,
9) and the Wigner-Ville Distribution (Figs. 10, 11, 12).

In the case after the short circuit appears, the Min-Norm
method enables to detect two inter-modulation frequencies
(880 Hz and 1120 Hz), and two additional components (1920
Hz and 2070 Hz).
Thanks to its high-resolution properties, the Min-Norm
method is especially suitable for identification and frequency
estimation of signal components, which frequencies differ
slightly. Detection of the additional higher frequency
component can be applied as the fault indicator. The results
obtained when using WVD are not satisfactory (Fig. 10).
Before and after the fault appears the basic component, which
has been detected. The modulation components (1000 Hz) has
been detected only after the fault appearance, when the
amplitude of the component is high enough. Unfortunately, the
appearance of non-existent component of about 500 Hz
becomes evident.
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Fig. 8. Time frequency representation of the signal taken from fault operation
of the frequency converter, obtained using the Min-Norm method. (window
length 80 samples, sampling frequency 20 kHz).
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Fig. 9. Cross-section of the time-frequency representation from the Fig. 8 for
the time instant t=0.17 s.

V. CONCLUSIONS
Transients resulting from the switching capacitor banks and
fault operation of the frequency converter in electrical
distribution systems affect power quality. Modern frequency
power inverters generate a wide spectrum of harmonic
components. Detection of all signal components can be
effectively used to identify faults in inverter. The parameters of
transient components have been analysed using the WignerVille distribution and subspace method. The Wigner-Ville
spectrum of signals with time limited windows shows better
frequency concentration and less phase dependence than
Fourier spectra. The investigations show the advantages of the
method basing proposed methods. However, the Wigner-Ville
distribution offers advantages when analysing signals with few
components only. It allows in the case of the signal obtained
during switching of capacitor banks, immediate determination
of the time point of the commutation incipience and amplitudes
of respective components. In the case of multi-component
signals (frequency converter), due to the appearance of crossterms, obtained representation is difficult to interpret. By
comparing the Wigner-Ville and min-norm representation the
appearance of non-existent component of about 500 Hz
becomes evident. In this case better results gives the subspace
method, which allows the determination of the frequencies of
the spectral components with high accuracy and does not suffer
from the appearance of artefacts. Due to its high-resolution
properties, the Min-Norm method is especially suitable for
identification and frequency estimation of signal components,
which frequencies differ slightly.
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